We obtain the correct all-loop β-function of pure N = 1 super YangMills theory from the supergravity solution of the warped deformed conifold, including also some nonperturbative corrections. The crucial ingredient is the gauge-gravity relation that can be inferred by taking into account the phenomenon of gaugino condensation.
Introduction
In the search for non conformal extensions of the gauge-gravity correspondence, the case of N = 1 super Yang-Mills theory in four spacetime dimensions has turned out to be an especially interesting and fruitful arena. In this case it has proved possible to construct nonsingular supergravity solutions which are in principle able to give information on the dual quantum gauge theory at all energy scales.
Two supergravity backgrounds dual to N = 1 gauge theories are:
• the warped deformed conifold by Klebanov and Strassler (KS) [1] , describing a deformation of the geometry produced by regular and fractional D3-branes at a conifold singularity;
• the Maldacena-Nuñez (MN) solution [2] , describing D5-branes wrapped on a two-cycle inside a Calabi-Yau threefold.
An important result one can obtain from these backgrounds is the running of the coupling constant of the dual gauge theory. The one-loop β-function of the SU (N + M ) × SU (N ) gauge theory which is dual to the conifold solution was obtained in [3] , by identifying the energy scale at which the gauge theory is defined with a radial coordinate in the classical solution. In order to go beyond the one-loop approximation, different gauge-gravity relations were introduced, but none of them allowed to go further and reproduce the correct ratio between the one-and two-loop coefficients of the β-function.
The reason of this can be traced to the fact that in [3] only the UV asymptotic behavior of the solution was considered. However, although the perturbative running of the coupling constant is of course a UV phenomenon, the exact gauge theory scale Λ is generated in the IR by dimensional transmutation, after the theory has flown through a duality cascade to a theory which is supposed to lie in the same universality class of pure SU (M ) SYM. Thus, the identification of the correct relation between gauge theory scale and supergravity quantities has necessarily to take into account the IR details of the deformed KS solution.
In this brief note we show, following closely related results obtained in [4] by Di Vecchia, Lerda and Merlatti (DLM) in the context of the MN solution, how it is possible to obtain the β-function of pure N = 1 SYM theory at allloops from the KS solution, by implementing the gauge-gravity relation that one obtains when taking into account the phenomenon of gaugino condensation in the gauge theory. In addition, by a slight refinement of the analysis we get exponential corrections to the running, which have the form of fractional instanton contributions. The general result can also be seen as a quantitative confirmation of the fact that the gauge theory which lies at the end of the duality cascade is effectively pure SU (M ) SYM.
This note is organized as follows. In section 2 we briefly review the elements of the KS solution that are needed for our derivation. Next, in section 3 we discuss the gauge-gravity relation that is obtained by identifying which supergravity quantity is dual to the gaugino condensate in the gauge theory. Finally, in section 4 we compute the β-function of the theory.
Brief review of the KS solution
Consider the geometry generated by N regular D3-branes and M fractional D3-branes (namely, D5-branes wrapped on a vanishing two-sphere) at the apex of a conifold. The dual gauge theory is a non conformal N = 1 SYM theory in four spacetime dimensions with gauge group SU (N + M ) × SU (N ) , coupled to two chiral superfields transforming in the (N + M,N) representation and two transforming in its conjugate, with an appropriate superpotential. If N is a multiple of M , then this theory flows to SU (M ) in the IR, via a chain of Seiberg dualities known as "duality cascade" which reduces the rank of the gauge groups by M units at each cascade jump. As a result, M units of R-R 3-form flux are turned on, blowing up an S 3 in the geometry, so that the conifold is replaced by the deformed conifold [1] . The deformation of the conifold can be seen as the translation in supergravity of the chiral symmetry breaking of the SU (M ) gauge theory.
The metric takes the form:
where the function h(τ ) is given by the integral expression:
where ε is the deformation parameter of the conifold. In the basis given by some appropriate one-forms 2 , the metric on the six-dimensional deformed conifold is given by:
where
The other bosonic fields present in the solution are a constant dilaton, the NS-NS two-form B 2 and the R-R potentials C 2 and C 4 :
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where:
and:
3 Gauge-gravity relation
One of the problems in extending the gauge/gravity correspondence to non conformal cases resides in the fact that the functional form of the relation between the scale of the gauge theory and the quantities which appear in the supergravity solution is not uniquely determined [5] . DLM have shown that the correct gauge-gravity relation in the case of pure N = 1 SYM theory can be inferred by taking into account the phenomenon of chiral symmetry breaking [4] . To be specific, one has to find which quantity in the classical solution is dual to the gaugino condensate, which is a protected quantity in the gauge theory.
Let us then consider how we can see the breaking of the U (1) R-symmetry of the gauge theory from the point of view of the classical solution. The chiral anomaly can be seen from the variation of the θ-angle of the gauge theory under R-symmetry transformations. The θ-angle is related through the gauge/gravity correspondence to the integral of the supergravity field C 2 on the (vanishing) two-sphere S 2 of the conifold geometry. The U (1) R-symmetry is simply translated in supergravity into the transformation of an appropriate angle, under which C 2 is not invariant, thus breaking the symmetry in the appropriate way down to Z 2M [6, 7] . This breaking is a UV phenomenon, and can be seen from the asymptotic form of the classical solution.
Instead, the additional breaking of the symmetry down to Z 2 is a nonperturbative effect due to gaugino condensation in the gauge theory, and is mapped to the deformation of the conifold. An essential point is that this effect takes place after the theory has flown through the duality cascade to a gauge theory which is effectively pure SU (M ) SYM.
Anyway, from the considerations above we can derive that, in order to identify what quantity in the classical solution is dual to the gaugino condensate, we can look at the variation of the expression of C 2 in the complete solution with respect to its asymptotic form in the UV, where the Z 2M invariance is unbroken.
Let us first see how things work in the case of the MN solution. The dependence on the radial coordinate ρ of the difference of C 2 from its asymptotic form at large ρ is given by:
Therefore, the function a(ρ) is responsible of the additional R-symmetry breaking down to Z 2 , and thus plays the role of the gaugino condensate (see also the analysis of [8] ). The gauge-gravity relation between supergravity quantities and the gauge theory scale can then be established in the following way:
where Λ is the exact dynamically generated scale of the gauge theory, while µ is the scale at which the theory is defined. Using the relation (3.2), it has been shown in [4] that one is able to get the complete β-function of pure N = 1 SYM theory from the MN solution.
Let us consider now the case of the conifold. From (2.6) and from the fact that F (τ ) ∼ 1 2 for large τ , we can see (as first computed in [9] ) that the τ -dependence of the variation of C 2 analogous to (3.1) is given by:
so that we can impose the following gauge-gravity relation between τ and the scales of the gauge theory:
The β-function
Once established the gauge-gravity relation (3.4) we can compute the running of the coupling constant in the gauge theory. Let us stress again that the relation (3.4) has been found by using the fact that the theory exhibits chiral symmetry breaking, which is essentially related to the deformation of the conifold. Therefore, we expect to be working at the point where the duality cascade has stopped and the gauge theory at hand is effectively pure N = 1 SU (M ) SYM. In principle, it is known that it is problematic to define an exact gauge-gravity duality away from the far IR of this gauge theory, because of a mismatch between the regime in which the supergravity approximation is reliable and the one in which the massive KK modes coming from the blown-up three-sphere decouple and the cascade jumps are well separated [1] . An analogous situation holds for the MN solution [2] , and we will see that, exactly as in that case [4] , it is nevertheless possible to extract relevant information on the whole UV regime of the pure SYM theory, and one is able to reproduce the precise running of the coupling constant at all loops, even including some nonperturbative corrections. We can also consider this result as a confirmation of the fact that the asymptotically free and confining theory which is dual to the warped deformed conifold at the end of the RG cascade lies indeed, in a precise quantitative sense, in the universality class of pure N = 1 SU (M ) SYM.
In the regime we are considering, the effective degrees of freedom of the supergravity configuration are the M D5-branes wrapped on the collapsed twocycle S 2 of the conifold geometry. The coupling constant of the SU (M ) gauge theory can be extracted from the quantities of the classical solution through the following relation, which has been presented in different forms in a variety of contexts and we use here in the form introduced in [10] :
where g 2 D3 = 4πg s and the "stringy volume" of the 2-cycle S 2 on which the branes are wrapped is given in general by:
where G AB and B AB are respectively the (unwarped) metric and NS-NS twoform on the cycle. In the present case, for D5-branes wrapped on the vanishing S 2 , one has G = 0 , while for large τ we can write:
Recalling that S 2 ω 2 = 4π [3] , from (4.1)-(4.3) we get that the gauge coupling is given in terms of the coordinate τ by:
From (4.4) we can then read the expression of the β-function as a function of the coordinate τ :
The final step requires the gauge-gravity relation we have established in the previous section. We first consider the large τ UV region, where the relation (3.4) becomes:
from which we get:
where we have used (4.4). From (4.7) we can finally extract the correct all-loop NSVZ perturbative β-function of N = 1 SYM with gauge group SU (M ) [11] :
It is quite remarkable that a classical supergravity computation is able to reproduce a quantum property of the dual gauge theory at all orders in perturbation theory, including all numerical factors. There is additional information to be extracted, related to nonperturbative effects in the gauge theory. If, instead of keeping only the large τ asymptotics as done before, we use the complete gauge-gravity relation (3.4), (4.7) gets modified as follows: and the β-function reads accordingly:
.
(4.10)
The exponential corrections in (4.10) are due to nonperturbative effects in the gauge theory, having the form of contributions of instantons with fractional charge 2/M , as already noticed in [4] . The general form of the exponential corrections matches what is expected from the gauge theory side by considering the monopole-type configurations discussed in [12] , which are supposed to be responsible of gaugino condensation. It would be of great interest to study these issues from the point of view of the pure gauge theory and to compare the behavior and the precise numerical coefficients with the predictions given by the supergravity analysis.
